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 LIMITS                                               CALCULUS  
DEFINITION:  We say that the limit of  f(x) equals L as x approaches a, written as: 

lim 𝑓(𝑥) = 𝐿		   B→D 		
If we can make the values of f(x) arbitrarily close to L by taking x to be sufficiently close to a 
(on either side of a) but not equal to a. 

 THEOREM:    lim 𝑓(𝑥) = 𝐿		     if and only if      lim 𝑓(𝑥) = 𝐿	    and 					 lim 𝑓(𝑥) 
B→D B→DI B→DJ

 

  

 

𝒇(𝒙) =
𝟐𝒙
𝒙 − 𝟑 

lim 𝑓(𝑥) = −∞				 ≠ 			 lim 𝑓(𝑥) = +∞				 
B→lJ B→lI

𝑇ℎ𝑒	𝐿𝑖𝑚𝑖𝑡	𝐷𝑜𝑒𝑠	𝑁𝑜𝑡	𝐸𝑥𝑖𝑠𝑡 

  

 

 

 

 

𝒇(𝒙) = t−
𝟏
𝒙𝟐v 

 

lim 𝑓(𝑥) 	= 	−∞		 = 			 lim 𝑓(𝑥)			 
B→wJ B→wI

Thus,  lim 𝑓(𝑥) = −∞ 
B→w

 

 

 

 

	Limit Laws:    Suppose c is a constant and that  lim𝑓(𝑥)  and  lim𝑔(𝑥) both exist 
B→D B→D

	lim 	[𝑓(𝑥) ± 𝑔(𝑥)] = 	 lim𝑓(𝑥) ± lim𝑔(𝑥)  lim[𝑓(𝑥)]Z = [lim𝑓(𝑥)]Z 
B→D B→D B→D B→D B→D

		lim𝑐𝑓(𝑥) = 		𝑐	lim𝑓(𝑥)	  lim𝑥Z = 𝑎ZB→D B→D  
B→D

lim𝑓(𝑥)𝑔(𝑥) = lim𝑓(𝑥)lim𝑔(𝑥)   lim 𝑐 = 𝑐B→D B→D B→D  
B→D

RSTP(B)
lim	(P(B)) = 	 U→V 	𝑓𝑜𝑟	𝑔(𝑥) ≠ 0

Q(B)
               

RSTQ(B)B→D U→V

SQUEEZE THEOREM:   𝐼𝑓	𝑓(𝑥) ≤ 𝑔(𝑥) ≤ ℎ(𝑥), 𝑤ℎ𝑒𝑛	𝑥	𝑖𝑠	𝑛𝑒𝑎𝑟	𝑎, 𝑎𝑛𝑑	lim𝑓(𝑥) = 	 limℎ(𝑥) =
B→D B→D

	𝐿,			𝑡ℎ𝑒𝑛	lim𝑔(𝑥) = 𝐿 
B→D
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Example 1(Using Squeeze Theorem):  

: 

 

 

 

 

 

Observation for example 2:     

 Find  lim 𝑓(𝑥)    	𝑎𝑛𝑑				 lim 𝑓(𝑥) 
B→DI B→DJ

By observing the behavior of x as it 
approaches a from both the left and right 
hand sides, we can calculate the limit. 

 𝑔(𝑥) = 𝑥 sin t
1
𝑥v 

𝑓(𝑥) = |𝑥| 

 

ℎ(𝑥) = −|𝑥| 

 
By y

lim IxBIz
y = ∞       lim B IxBIz

B→xI B J{ B→xJ By
= −∞

J{
Example 2

𝑥 𝑓(𝑥) 𝑥 𝑓(𝑥) 

1 -3.66667 3 4.6 

1.8 -17.4211 2.5 10.7778 

1.9 -38.9673 2.1 40.5122 

1.99 -399.499 2.01 400.501 

1.9999 40008.5 2.0001 39991.5 

	lim 	[𝑓(𝑥) ± 𝑔(𝑥)] = 	 lim𝑓(𝑥) ± lim𝑔(𝑥) lim𝑥 = 𝑎 
B→D B→D B→D B→D

𝑓(𝑥) lim𝑓(𝑥)
lim𝑓(𝑥)𝑔(𝑥) = lim𝑓(𝑥)lim𝑔(𝑥) lim } ~ 	= 	 B→D 	𝑓𝑜𝑟	𝑔(𝑥) ≠ 0B→D B→D B→D  

B→| 𝑔(𝑥) lim𝑔(𝑥)
B→D

lim[𝑓(𝑥)]Z = [lim𝑓(𝑥)]Z  lim𝑥Z = 𝑎Z 
B→D B→D B→D

lim𝑐𝑓(𝑥) = 		𝑐	lim𝑓(𝑥) lim 𝑐 = 𝑐 
B→D B→D B→D

 




